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l.Introduction
For atomic radiation systems resonantly interacting each
other, it is seen that chaotic atomic motion appears when coupl-
ing between atoms and radiation is strong enough or a certain
detunig frequency exists.[ll That was investigated numerically in
the frame of semiclassical treatment, which is based on Maxwell-
Bloch type equations, in which no pumpig is introduced. Fully
quantum treatments are now tried for this closed systems which
have definit hamiltonian of atomic and radiation field, without
external force like a pumping et.al ..
2. Quantum resonant systems
We construct quantum mechanichal systems corresponding to
the former systems treated classically. Spin state is represented
by the atomic coherent states, in which operators are described
by polar coordinate of the Bloch space, which is similar to space
of top motion.[2l Field state is now represented by coherent
states, which corresponds to classical field amplitude E et.al.,
where the annihilation and creation operators are described by
amplitude variables.
Interaction hamiltonian is expressed by the oprators and
coupl ing constant.fl, as follow;
Cl)
where we did not take the rotating approximation, by which the
first two terms would have been left, that would make a drastic
change to the chaotic behavior of the systems. Distribution
function is used for describing the behavior of systems. Variable
of that function are expectation value of quantum variable, that
is, angular variables of Bloch space and field amplitude. That is
obtained by expanding density operator, which is expanded by
complete set of atomic coherent and field coherent states, whose
coefficients are defined to be that ~istribution function.
(2)
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After tedious operator algebra we can obtain the partially
differential equation for systems described quantum mechanically.
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In order to solve this equation numerically we expand the unknown
function by complete set of eigenfunctions, which are selected to
be associate legendre functions for bloch space variable 8 and f,
and hermite functions for the two dimensional space of electrical
field variable, and as follows;
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The expansion coefficients are now the unknown variables calcu-
lated numerically. It may be an advantage of those choise of
eigen functions that the 1st order coefficients of legendre
series with Oth order of hermit functins and the 1st order
coefficients of hermite series with oth of regendre ones are
equal to the classical expectation values of spin variables and
field ones respectively, and further the associate legendre
series terminate in a finite terms because the associate 1gendre
functions is just the eigen functions of spin systems which is
represented by bloch space.
As the above eq.(3) is linear partially diferential equation,
the equations of unkwon coefficients have the form of linear
ordinary diferential equations with infinite unknowns,and
constant coefficient, that might suggest that we could solve it
by numerical linear transformation. But very large area of memory
is needed for constructing the matrix, so we now solve those by
Runge-Kutta formula of initial value problemS. The above quantum
system was, however, formally converted to a linear systems with
infinite dimensions, where classical behavior was include as the
lowest order partial space which cannot, however, be treated
reconnected with the whole space.
4. Motions of classical variabes
Numerical values of 1st order coefficients of either legendre
series or hermite ones represent the motion of corresponding
classicI variables. Results were obtained for the case of various
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coupling constant which make it possible to compare with the case
of classical theory. Fig.l shows the variation of expected spin
variable and electrical field, and their X-y trajectory. for
the same conditions as classical ones. Time variation may be seen
to be high cut-offed filtered, that was also shown by their
fourier spectrum which was simply obtained by fft programs for
both semiclassical and quantum theoretical cases. shown in fig.l.
It has been observed in many models of chaotical systems that
chaos is suppressed when classical systems were converted to
corresponding quantum systems, that reveals in this case. where
chaotic motion may not become extinct but may be hidden somewhere
in the systems, where classical variable shown here, were includ-
ed in only a partial space. In the case of stronger coupling cons-
tant. the same motion and its spectrum were represented. as the
classical chaotic phenomena. as shown in fig.l.
Now we see the quantum parameter which was included in
higher terms than 1st, but distribution function also shows the
whole structure. Therefor, using the all coefficients. we calcu-
late this function and show it by graphical technique, which were
shown in fig.2, where the appearrence of function is seen to
correspond to the classical case more than the 1st order vari-
ables, that is, classical chaotic structure in the quantum system,
appears in the shape of distribution functions, which is
equivalent to wave functions through the conversion of repre-
sentation. not in the 1st order parameter. Complexity of two
dimensional function should be measuered quantatively.
In fig.2 the contour lines are also represented for the resp-
ecive distribution functions, and in fig.2 ones of the other case
are also shown. The analogy with spin systems of fero-magnetism,
suggest that the distribution will have self-similar or fractal
patterns when the chaotic motion of system is occurring. Fractal
dimensions obtained from the respective contour lines are nearly
equal to an integer numbers and changed for all the cases of coUP-
ling constant. that shows that fractal dimension does not represe-
nt the complexity of distribution function, for which we must fin-
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Fig.] Variation. x-y trajectory and its fourier spectrum of spin
variables and electric field.wc..=17711/28657.Wo..=1. (al.(bljJ..=0.2.




Fig.2 C-number distribution function and their contour lines of
expected value of quantum electric field variable.at t=40.
(a) ;<.=0.2. (b) y=1.0
If!.:k . ~I 1r~ l@=, 7k~lE*
TaTa Institute of Fundamental Research mgtf)3JH~t
*FjiJ~~]i-=t-*(7)~JJJ~t5c~j:, ~ (7)1m~ ( Nadal line ) (7) *F~:5(JC!j?jft~ '1 i? n ~ ~tMtt~
/~ ~ - / 8:-~ L-, * iI~ jJ :;t 7- S"J ~c t~ ~~, .:c (7) 'i!iLn ~j: *~ <. t~ ~ 0 -:. -:. '""f ~j:, £J-r '""fJE~ ~n
~ lE~t§~ C J:: ~j'n ~ 'FNm:E1l!~i¥J t~]i 8:mIt\ -C, *FPJ~~* ~c to '1 Q~1f~~ (7) JE]ii¥J t~!j?jft
~ '1 8:-Wi\Jj. ~ 0
~f, 2"'J(7)$~*81' 82 iI~i?t~~**-fr*8=81 +82 8:-~;t, **-fr*8 (7)f.f:~(7)i1\~
cp S 8:-, ~n~n 8 1 , ~2 (7)1G~ill~£J1E {¢i }, { OJ } iI~ i?"'J <. i? n ~ ill~£J1E 8:- mlt\ -C ,
rf, S = " a. . A.. O.
't' ~.~) 'f' ~ )
~)
cpS = ( L: C i ¢ i ) ( L: dj () j ) = ( ~ C i dj ¢ i OJ )
~ ) ~)
-687-
(1)
(2)
